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[Abstract Despite the significant progress over the last 50

spectral, and even meshless methods [1,2,3,4]. Yet, for|

years in simulating flow problems using numerical

real-world applications, we still cannot incorporate]

discretization of the Navier-Stokes equations (NSE), we

seamlessly (multi-fidelity) data into existing algorithms,

still cannot incorporate seamlessly noisy data into existing

and for industrial-complexity problems the mesh

algorithms, mesh-generation is complex, and we cannot

generation is time consuming and still an art. Moreover,

tackle  high-dimensional  problems governed by

solving inverse problems, e.g., for unknown boundary

parametrized NSE. Moreover, solving inverse flow

conditions or conductivities [5], etc., is often prohibitively

problems is often prohibitively expensive and requires

expensive and requires different formulations and new

complex and expensive formulations and new computer

computer codes. Finally, computer programs such as

codes. Here, we review flow physics-informed learning,

OpenFOAM [6] have more than 100,000 lines of code,

integrating seamlessly data and mathematical models, and

making it almost impossible to maintain and update them|

implementing them using physics-informed neural

from one generation to the next.|

networks (PINNs). We demonstrate the effectiveness of

PINNs for inverse problems related to three-dimensional

|Physics—informed learning [7], introduced in a series of’

wake flows, supersonic flows, and biomedical flows.|

Keywords Physics-informed learningIIIPINNsHInverse|
problems- Supersonic flows-|Biomedical flows|

1 Introduction

In the last 50 years there has been a tremendous progress inl

papers by Karniadakis’s group both for Gaussian-process

regression [8,9] and physics-informed neural networks

(PINNs)|  [[10],[ [can] [seamlessly| | integrate

multifidelity/multimodality experimental data with the

various Navier-Stokes formulations for incompressible

flows [11,12] as well as compressible flows [13] and

biomedical flows [14]. PINNs use automatic differentiation

to represent all the differential operators and hence there is

no explicit need for a mesh generation. Instead, the

Navier-Stokes equations and any other kinematic or|

thermodynamic constraints can be directly incorporated in

Navier-Stokes equations (NSE) using finite elements,
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the loss function of the neural network (NN) by penalizing

computational fluid dynamics (CFD) in solvi&]
numerically the incompressible and compressible

deviations from the target values (e.g., zero residuals for the

conservation laws) and are properly weighted with any

given data, e.g., partial measurements of the surface

pressure. PINNs are not meant to be a replacement of the

existing CFD codes, and in fact the current generation of

PINNS is not as accurate or as efficient as high-order CFD

codes [2] for solving the standard forward problems. This

limitation is associated with the minimization of the loss
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function, which is a high-dimensional non-convex function,
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a_limitation _which is _a grand challenge of all neural

networks for even commercial machine learning. However,

PINNs perform much more accurately and more efficiently|
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than any CFD solver if any scattered partial spatio-temporal




data are available for the flow problem under consideration.

Moreover, the forward and inverse PINN formulations are

matrix and bias vector of thel. laxer'ilog . g| is a nonlinear
activation function. All the trainable model parameters, i.e.,

identical so there is no need for expensive data assimilation|

weights and biases, are denoted by|6]in this paper.|

schemes that have stalled progress especially for

[In PINNS, solving a PDE system (denoted by equ. 1) is

optimization and design applications of flow problems in

converted into an optimization problem by iteratively

the past. |

updating 6 with the goal to minimize the loss functiorﬂlz_l

|In this paper we first review the basic principles of

PINNs and recent extensions using domain decomposition
for multiphysics and multiscale flow problems. We then
present new results for a three-dimensional (3D) wake
formed in incompressible flow behind a circular cylinder.
We also show results for a two-dimensional (2D)
supersonic flow past a blunt body, and finally we infer

material parameters in simulating thrombus deformation in
a biomedical flow.

[2 PINNSs: Physics-Informed Neural Networks|

| L = o1 Lppg + @ Lyarg + ®3Lic + 04Lpc | 3)

[where|®;_4| are the weighting coefficients for different loss
[ terms. The first term|Lppgl in equ. 3 penalizes the residual
of the governing equations. The other terms are imposed to|
satisfy the model predictions for the measurements|Lygd,
the initial condition|L;d, and the boundary condition|Lpc,
respectively. In general, the mean square error (MSE),
taking thel@zll-norm of the sampling points, is employed to

1 1 . A1 1 .
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defined as a data set|{x’,#'}' [, where the number of points

Lazh _c
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(OCTTOTCU Oy |7V TOT different Yoss—terms—can—be—different:

In this section we first review the basic PINN concept and

Generally, we use the ADAM optimizer [16], an adaptive

subsequently discuss more recent advancements in

algorithm for gradient-based first-order optimization, to|

incompressible, compressible and biomedical flows.|

|2.1 PINNs: Basic Conceptsl

We consider a parametrized partial differential equationl
(PDE) system given by:|

F(x,t,0,0x4,0/d,...,A) =0, x€Q,1€[0,T]
a(x,t0) = go(x) x€Q, )
a(x,t) =gr(t), x€dR,1e][0,T],

where|x € R9 is the spatial coordinate and|/ is the time;

denotes the residual of the PDE, containing the differential

operators (i.e.,|[dxil, 9, . . ]ﬂ)\ = [A1,A2,...] are the PDE

parameters; |7i(X, )| is the solution of the PDE with initial

condition|go(x) and boundary condition|gr () (which can!
be Dirichlet, Neumann or mixed boundary condition);|
and |d Q| represent the spatial domain and the boundary,
respectively.|

In the context of the vanilla PINNs [15], a

fully-connected feed-forward neural network, which is

composed of multiple hidden layers, is used to approximate|
the solution of the PDE| 7| by taking the space and time
coordinates|(x,7)| as inputs, as shown in the blue panel in

Fig. 1. Let the hidden variable of thelﬂ hidden layer be
denoted by||1’1 then the neural network can be expressed as|

2’ = (x,1),
= oW1 4bb), 1<k<L-1 )
=W 4k, k=L,

optimize the model parameters|6l.|

[Remark 1: We note that the definition of the loss
function shown in equ. 3 is problem-dependent, hencel
some terms may disappear for different types of the
problem. For example, when we solve a forward problem in
fluid mechanics with the known parameters (A) and the]
initial/boundary conditions of the PDEs, the data loss|L,
is not necessarily required. However, in the cases where the
model parameters or the initial/boundary conditions are
unknown (namely, inverse problems), the data
measurements should be taken into account in order to
make the optimization problem solvable. We also note that|
the PINN framework can be employed to solve an
“over-determined” system, e.g., well-posed in a classical
sense with initial and boundary conditions known and
additionally some measurements inside the domain or at
boundaries (e.g., pressure measurements Q.I
One of the key procedures to construct the PDE loss in|
equ. 3 is the computation of partial derivatives, which is
addressed by using automatic differentiation (AD). Relying
on_the combination of the derivatives for a sequence of
operations by using the chain rule, AD calculates the|
derivatives of the outputs with respect to the network inputs|
directly in the computational graph. The computation of
partial derivatives can be calculated with an explicit
expression, hence avoiding introducing truncation errors in|
conventional numerical approximations. At the present
time, AD has been implemented in various deep learning
frameworks [17,18], which makes it convenient for the
development of PINNG .|

|A schematic of PINNs is shown in Fig. 1, where the key

roximate the

[where the output of the last layer is used to a
true solution, namelyl- WH and| b¥| denote the weight

elements (e.g., neural network, AD, loss function) are

indicated in different colors. Here, we consider a
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[Fig. 1: Schematic of a physics-informed neural network (PINN). A fully-connected neural network, with time and space

| coordinates|(7,x) as inputs, is used to approximate the multi-physics solutions|si = [u, v, p, ]| The derivatives of Iﬁl with

respect to the inputs are calculated using automatic differentiation (AD) and then used to formulate the residuals of the

governing equations in the loss function, that is generally composed of multiple terms weighted by different coefficients

The parameters of the neural network|6|and the unknown PDE parameters|A| can be learned simultaneously by minimizing

the loss function. |

multi-physics problem, where the solutions include the

XPINN [26]. A general parallel implementation of PINNs

velocity | (u,v), pressure| p|and a scalar field|¢, which are

coupled in a PDE systemm The schematic in Fig. 1

with domain decomposition for flow problems is presented
in [27]; the NVIDIA library SimNet [28] is also a very

represents most of the typical problems in fluid mechanics.

efficient implementation of PINNs. Another importan

For instance, the PDEs considered here can be the

Boussinesq approximation of the Navier-Stokes equations,

extension is_the uncertainty quantification for the PDE]|
solutions inferred by neural networks [29,30,31,32,33].

where | 9| is the temperature. Following the paradigm in!

This has been studied by using the Bayesian

Fig. 1, we will describe the governing equations, the loss

framework [33]. Moreover, some other researches on

function and the neural network configurations of PINNs

case-by-case in the rest of this paper)

[2.2 Recent Advances of PINNS|

PINNs focused on the development of the neural network|

architecture and the training, e.g., using multi-fidelity

framework [34], adaptive activation functions [35] and

dynamic weights of the loss function [36], hard

constraints [37] and CNN-based network architectures [38],

which can improve the performance of PINNs on different

|First_proposed in [19,20], see also_[15], PINNs have

problems. On the theoretical side, some recent works [39,

attracted a lot of attention in the scientific computing

40,41] have provided more guarantees and insights into the

community as well as the fluid mechanics community.

convergence of PINNG. |

Here, we review some related works regarding the

methodology and the application to fluid mechanics.|

|The development of the methodology has inspired a

|Beneﬁcial due to the high flexibility and the expressive|

number of applications in other fields, especially in fluid

ability in function approximation, PINNs have been

mechanics where the flow phenomena can be described by

extended to solve various classes of PDEs, e.o., the NSE. In [15], the vanilla PINN was proposed to infer
.integro—differentiall |equations| | [21], fractional| |the unknown parameters (e.g., the coefficient of the
equations [21], surfaces PDEs [22] and stochastic convection term) in the NS equations based on velocity

differential equations [23]. A variational formulation of]

measurements for the 2D flow over a cylinder. Following]

PINNs based on the Galerkin method (hp-VPINN) was

this work, PINNs were then applied to various flows [10,

proposed to deal with PDEs with non-smooth

11,12,13,14,42,43,44,45,46,47,48,49],  covering  the

solutions [24]. In addition, the variational hp-VPINN

applications on compressible flows [13], biomedical

considered domain decomposition, and similar pointwise|

flows [14,42,50], turbulent convection flows [48], free

versions were also studied in CPINN [25], and

boundary and Stefan problems [47], etc. The main
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Fig. 2: Case study of PINNs for incompressible flows: illustration of simulating the 3D wake flow over a circular
cylinder. (a) Iso-surface of the vorticity (x-component) in the whole domain color-coded by the streamwise velocity. The

cube with blue edges represents the computational domain in this case. (b) Velocity and pressure fields in the domain. The
simulation was performed by the CFD solver Nektar, which is based on the spectral/iip element method [2].|

attractive advantage of PINNs in solving fluid mechanics

| 3.1 Problem setupl

problems is that a unified framework (shown in Fig. 1) can

be used for both forward and inverse problems. Compared|
to the traditional CFD solvers, PINNs are superior at

integrating the data (observations of the flow quantities)

We consider the 3D wake flow past a stationary cylinder at
Reynolds number |Re = 200, in this section. In order to
evaluate the performance of PINNs, we generate the

and physics (governing equations). A promising application

is on the flow visualization technology [12,51], where the

flow fields can be easily inferred from the observations

such as concentration fields and images. On the contrary,

such inverse problems are difficult for conventional CFD|

solvers. More relevant works on mechanics in general can

be found in [52] for turbulent flow, [53] for phase-field

reference solution numerically by using the spectral/hp
element method [2]. The computational domain is defined
as |Q: |[-7.5,28.5] x [-20,20] x [0,12.5], where _the
coordinates are non-dimensionalized by the diameter of the|
cylinder. The center of the cylinder is located at
(x,y) = (0,0)k We assume that the velocity {(u = 1) is
uniform at the inflow boundary where/x = —7.5. A periodic

fracture model, and [54] for inferring modulus in a

nonhomogeneous material.

[3 Case Study for 3D Incompressible Flows|

In this section, we demonstrate the effectiveness of PINNs

for solving inverse problems in incompressible flows. In|

particular, we apply PINNSs to reconstruct the 3D flow fields

based on a few two-dimensional and two-component

boundary condition is used at the lateral boundaries where
y= :|:20|, and the zero-pressure is prescribed at the outlet
where| x = 28.5. Moreover, the no-slip boundary condition
is imposed on the cylinder surface. The governing
equations in this case study are the dimensionless
incompressible Navier-Stokes_equations_with [Re = 200.|
Under this configuration, the wake flow over the cylinder is
3D and unsteady. The simulation is performed until the|
vortex shedding flow becomes stable. At the end, the
time-dependent data are collected for PINN training and

evaluation.|

(2D2C) velocity observations. The proposed algorithm is

|The simulation results of the 3D flow are shown in|

able to infer the full velocity and pressure fields very!

Fig. 2, where Fig. 2(a) shows the iso-surface of streamwise

accurately with limited data, which is promising for

vorticity [, = —0.3) color-coded with the streamwise

diagnosis of complex flows when only 2D measurements

velocity@. In this section, we are interested in the 3D flow,

(e.g., planar particle image velocimetry) are available.|

|reconstruction problem from limited data, and we only
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Fig. 3: Case study of PINNs for incompressible flows: problem setup for 3D flow reconstruction from 2D2C)|

planes (z = 4.0,9.0) are observed.

are measured. The goal is to infer the 3D flow in the investigated domain using PINNs from these 2D2C observations.

Table 1: Case study of PINNs for incompressible ﬂows:l

|3.2 Implementation of PINNs|

details of the 2D2C observations.|

Given the observation data on the cross-planes, we train a|

. Observed Observed
Cross-section . . .
velocity components | spatial resolution
x-plane (v,w) 61 %26
y-plane (u,w) 61 %26
z-plane (u,v) 61 x 61

PINNs model to approximate the flow fields over the space—|
time domain. The PINN in this section take|(x,7) = (x,y,z,)
as inputs and outputs the velocity and pressure |(u,v,w, p).|
The loss function in PINN can be defined as:|

[L = Liuwa+LrpE) 4

|focus on a sub-domain in the wake flow, namely
[1.5,7.5] x [-3,3] x [4,9], which is represented by a cube

with blue edges in Fig. 2(a). The contours of the three
velocity components and pressure field are shown in
Fig. 2(b). An Eulerian mesh with|61 x 61 x 26| grid points
is used for plotting. To demonstrate the unsteadiness of the
motion, we consider 50 snapshots with| Az = O.zl= which is
about two periods of the vortex shedding cycle.|

|Here, we aim to apply PINNs for reconstructing the 3D
flow field from the velocity observations of a few 2D planes.

Ny

i i j 2
Laara :F Z ” M(deatavtzliata) - uiiata ”

u i

1 Ny i i P 2
+ ]7 Z ” v(xilatavtéam) - vldata ” (5)
v
NW/ . . . 2
+ ]7 Z ” W(deatavt(liata) - Wiiata || )
w g

are considered in this paper:|

As illustrated in Fig. 3, three different “experimental” setups| | and|
1 y
|— Case 1: twoﬂ-planes (x = 1.5,7.5), one y-plane|(y = Oﬂ LepE :]vf ZZ | fi(Xp,17) ||27 (6)
|and twglg:planes [z =4.0,9.0) are observed.| .
Slf;eoi: tWI?langlflznis §x4l) aie':sc’)géﬂ;zgj -plancl( Oﬂ fizz= % +(u-Vju+Vp— Rievzll,
— Case 3: one|x-plane Kx = 1.5), one y-plane|(y = 0) and| fi=V-.u

[one|Z}-plane {z = 6.4) are observed |

The data loss| Lyl is composed of three components, and

We note that for these cross-planes, only the projected

the number of training data (namely |N,, N,/ and |N,)

vectors (two components) are considered known. For

depends on the number of observed planes, the data

example, the velocities |(u, v)| can be observed on the

resolution of each plane as well as the number of snapshots.

z-plane, while the orthogonal component|(w) is unknown.

On the other hand, the residual points for|Lppg| can bel

The purpose of doing this is to mimic the planar particle|

randomly selected, and here we sample/ Ny = 3 x 109 points

image velocimetry in real experiments. Moreover, the

over the investigated space and time domain|QJ. Note that

resolutions of these 2D2C observations are different, which
can be found in Table 1.

in_this study, the boundary and initial conditions are not
required unlike the classical setting. Moreover, no
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Fig. 4: Case study of PINNSs for incompressible flows: relative| L,-norm errors of velocities and pressure for different
flow reconstruction setups. These three cases correspond to those shown in Fig. 3. The errors are computed over the entire

investigated domain. |

information about the pressure is given. The weightingl

[To visualize more details, we emphasize the result of|

coefficients for the loss terms are all equal to 1.|

Case 2 and demonstrate the iso-surface of vorticity

[A fully-connected neural network with 8 hidden layers

magnitude and iso-surfaces of pressure atlr = 8.0in Fig. 5,

and 200 neurons per layer is employed. The activation

where Fig. 5(a) shows the reference CFD data and Fig. 5(b)

function of each neuron is|c = sin(-). We apply the ADAM

optimizer with mini-batch for network training, where a

shows the result inferred by PINNs. The vorticity value is
lo| = l.Eland the color represents the streamwise velocity

batch size of|N = 10% is used for both data and residual

component. It can be seen that the PINNs inference result

oints. The network is trained for 150 epochs with learnin
_ratesll x 107715 x 10~% and|1 x 10~ for ever§ 50 eEochs.l_

After training, the velocity and pressure fields are evaluated

(inferred from a few 2D2C observations) is very consistent|
with the CFD simulation. In addition, the velocities|(u, v)|at
a single point |(x = 3,y = 0,z = 6.4) against time are plotted

on the Eulerian grid for comparison and visualization.l

|3.3 Inference results|

For a quantitative assessment, we first define the relative'f;

in Fig. 5(c), where we can find that PINNs can capture the
unsteadiness of vortex shedding flow very accurately.|

|4 Case Study for Compressible Flows|

norm error as the evaluation metric, which is expressed as:

PINNs have also been used in simulating high-speed

gy = | Verp =V |2
| Verp |2
where||V c {u,v,w, p}ﬂ Verp| andlﬂ account for the CFD

data and the output of PINNS, respectively. We compute the
errors in the investigated time domain, which are shown in

x 100%, (7

Fig. 4. It can be seen from the plots that PINNs can infer

flows [13]. In this section, we consider the following 2D,
steady compressible Euler equations:|

[V rU)=0,xeQcRr) (8)

|U = [pvpuapv?pE]T’ f: (G17G2)|

the 3D flow very accurately for Case 1 and Case 2; using 5

|with |G1(U) = [pu,p + pu?.puv, pu + puEl |GE(U! =
[pv, puv, p+ pv?, pv+ pvE]. Here,|p|is the density,|p|is the

planes (Case 1) is slightly better than using 4 planes (Case

pressure, | [u, v|| are the velocity components, and|E] is the

2). When only 3 cross-planes are available (Case 3), the
errors become much larger. However, the result of Case 3 is
still acceptable as we are able to infer the main flow,
features with high accuracy (the error of the streamwise

velocity is mostly less than|2%]). We note that the errors of

total energy. We use the additional equation of state, which
describes the relation of the pressure and energy, to close
the above Euler equations. For instance, we consider the
equation of state for a polytropic gas given byl

instants, which can be attributed to the lack of training data

1
[whvelocity are larger than the other components since the| |p=(Y—1) (PE - §p|u|2> ; ©
‘whvelocity magnitude is relatively small. Moreover, we
observe larger discrepancy for the initial and final time where|7lis the adiabatic index andju = (u,v )|

We shall employ the PINNs to solve the inverse

for computing derivatives at |z < 0f and|t > 1d This

problem of the compressible Euler equ. 8. In particular, we

generally happens in the cases when the initial condition is

shall infer the density, pressure and velocity fields by using

not provided in the unsteady case [12].|

PINNs based on the information of density gradients,|
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. 5: Case study of PINNs for incompressible flows: inference result of PINNs for Case 2. (a) Iso-surfaces of vorticit
magnitude (top) and pressure (bottom) at|z = 8.0/ from CFD data. (b) Iso-surfaces of vorticity magnitude (top) and pressure

(bottom) afl# = 8.0|inferred by PINNs. (c) Point measurement (x = 3,y = 0,z = 6.4} of velocity

(u,v)| against time. In this

case, the 3D flow is inferred by PINNs from four cross—planes.|

{which play an important role, are properly implemented.

limited data of pressure (pressure on the surface of the| |weighted loss function of PINN given by|

body), inflow conditions and global physical constrains.|

|4.1 Problem setup

Loss = w Lossy + a)zLossvm p T W3L0SSi fl0w + O4LOSS p+

+0s (LossMass + Lossmomentum + LOSSEnergy) + WeLosSy,

'We consider a 2D bow shock wave problem. For traditional

CFD simulations, it is crucial that the boundary conditions,

(10)

whre the last term corresponds to the velocity condition 0n|

However, for the shock wave problem in high-speed flows,

the boundary conditions in real experiments are usually not

known and can only be estimated approximately. In the

present work, instead of using most of the boundary|

the surface.I

|4.2 Inference resultsl

To demonstrate the effectiveness of PINNs for|

conditions required by the traditional CFD simulation, we

compressible flows, we consider the bow shock problem|

solve the Euler equ. 8 using PINNs based on the data of

with the following inlet flow conditions|

density gradients |Vp| motivated by the Schlieren

photography available experimentally; additionally, we use

limited data of the surface pressure obtained by pressure

M.. =4, po. = 101253.6Pa, p.. = 1.225kg/m’,

(11)
Ueo = 1360.6963m /s, voo = 0, Too = 288K.

sensors as well as the global constrains (mass, momentum|

The data points for the pressure are located on the surface

and energy). We also use the inflow conditions here. Note|

of the body. By using the above inflow conditions and CFD,

that unlike the one-dimensional case, where the densit

code, we can obtain the steady state flow. We show the

gradient in the whole computational domain is used in [13],

density computed by CFD in the left plot of Fig. 6. We

here we only use the density gradients in a sub-domain|D

employ a6 x 60| (6 hidden layer) neural network and train it

of the computational domain|<, i.e.|D C €. By combining

by using layer-wise adaptive tanh activate function [35] and

the mathematical model and the given data, we have the

the Adam optimizer with the learning late being|6 x 1074
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Fig. 6: Case study of PINNs for compressible flows. Left: the density obtained by using CFD simulation with the inlet ﬂowl

condition (11). Right: training loss vs. number of epochs.|
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Fig. 7: Case study of PINNs for compressible flows.

Comparison between the PINN solutions and the CFD

solutions. Top: pressure@, Bottom: velocity componentmj

reconstruct the flow fields for high-speed flows using some|
other available knowledge different from the boundary,
conditions required by the traditional CFD simulation.

| 5 Case Study for Biomedical Flowsl

In addition to the aforementioned flow examples, PINNs
have also been used in biomedical flows [14]. In this
section, we consider inferring material properties of a
thrombus in_arterial flow described by the Navier-Stokes|
and Cahn-Hilliard equations. Such equations can be used
for describing the mechanical interaction between
thrombus and blood flow as a fluid-structure interaction
(FSI) problem. The PDE system can be written as: |

— B . (I1—¢)u
P(E—i—u-Vu)-l—Vp—V'(was‘FUvoh)_“T((M’
(12)
V.u:O, (13)
%—¢+u Vip =0, (o
8(}) +u-Vo = 1A, (15)
® =246+ 75(0), (16)

¢)| is the derivative of the double-well potentiall
(0% — 1)?/4h*. u(x,1), p(x,t) o(x,t), and| ¢ (x,7)| represent
the velocity, pressure, stress, and phase field. |A| is the

and|3 X 105| epochs. Here, we also use the technique of’

dynamic weights [36, 11]. The history of the training loss is

shown in the right plot of Fig. 6. The results of the PINN|
solutions for the pressure and velocity |(u) are shown in

Fig. 7. Observe that the PINN solutions are in good

agreement with the CFD data. This indicates that we can

interfacial length; || denotes the auxiliary vector and its
gradients are the components of the deformation gradient
tensodﬂ as follows:|

oy
= y y
F: yvi dy |

Jx  Jx
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Fig. 8: Case study for 2D flow past a thrombus with phase dependent permeability. (a) A channel with walls on the

top and bottom boundaries with the inlet flow

u(t,y

entering from the left side:|o=1

is the fluid. A thrombus with an

impermeable core|¢ = —1| and permeable shell

9 =0

is present at the bottom boundary. (b) Sampling points for inferring

permeability include initia

pomts- at the time)f|, inner points|() from| | to| 7, boundary p01nts|g*] on boundaries, and

[ point measurements|(x) with PDE solutions. (Figure adapted from [14]).|

Equ. 12 is the Navier-Stokes equation with viscous and|

|Ldan_1| is the data loss. In particular:l

cohesive stresses, respectively, which can be written as:|

oyis = UVu,
Ocoh = AV (V¢ ®¢)

amn
(18)

Moreover. and are the interfacial mobilit
relaxation parameter, and mixing

)
energy density,

respectively. We follow the normalization in [55] and write

is the true permeability andlg_fl is the fibrin

0 0.

1 = 1l = , A =
9 and the interface lengt

These parameters in PINNs are non-dimensionalized values

1 NN
LPDE(97>\;XPDE)=M Y If(x, 0, 0,8,..: N3
XEXPDE
(20)
1 .
LBC(QM\;XBC):@ Y 1B, 2D
xeXpc
1 . 2
LIC(eaA;XIC):|X7| Y Jla—uylf;. (22)
xeXic
1 .
a8 A Xaa) = T Y 6wl (23)
ata XEXdata

where|®;, @), w3, and{w,| are the weights of each term. The|

s0 as to be consistent with the CFD solver)

training sets| Xppe, Xad and Xjd|are sampled from the inner

|The velocity at inlet is set as Dirichlet boundary

spatio-temporal domain, boundaries, and initial snapshot,

conditionsfu = g.(x.¢) € I; x (0,7). We impose the no-sli
boundary on the |

respectively. |Xdam| is the set that contains sensor
coordinates and point measurements; |||| denotes the

n

conditions, i.e., 5= 92 =0,x € I,, UL; U, for ¢ and @

number of training data in the training set. In particular, B

at all boundaries.

5.1 PINNs

represents a combination of the Dirichlet and Neumann
residuals at boundaries. Finally, we optimize the model
parameters and the PDE parameters |A = [k]| by
minimizing the total losle(B,)\] iteratively until the loss|
satisfies the stopping criteria. Minimizing the total loss is

'We construct two fully-connected neural networks, Net|U|

an optimization process for| Al such that the outputs of the

and Net W, where the outputs of Netrepresents a surrogate

PINN satisfy the PDE system, initial/boundary conditions,

model for the PDE solutions , v, 7, and| ¢ and the outputs of

and point measurements.|

Net|W| are PDE solutions 1. and|y». Each network has

9 hidden layers with 20 neurons per layer. The total losg Z)is

a combination of different losses as:|

L= o, Lppe + i Lic + 03Lpc + 04 Lyara) (19)

| 5.2 Problem setupl

[We consider a computational setup with a semi-circle|
permeable thrombus in a channel with a steady parabolic

where | Lppg| is the PDEs residual loss,|L;c| is the initial

flow coming from the left (Fig. 8). This setup is meaningful

condition loss, |Lpd| is the boundary condition loss, and

in a sense that it presents an idealized thrombus with an
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Fig. 9: Inference results for 2D flow past a thrombus with
phase-dependent permeability. (a) History of network
losses (Loss PDE, Loss IC, Loss BC, and Loss Data) and (b)
inferred permeabilitylﬂ as a function of@ (c) Comparison

of Bhase field and Velocitz field for|1q Q] at|t = 0.7§| and

their absolute error. The core permeability is 0.001 and the

shell permeability is set 1 as the actual values. 10,000 data

points are scattered in the spatio-temporal domain from 30

snapshots (¢ € [0.03,0.93]) as the training data to infer the

permeability. Inferredlﬁ]@ are 7.10 and 0.0003 compared
to the true value at 6.9 and 0.0. (Figure adapted from [14])]

impermeable core, which consists of a fibrin clot and a

permeable shell (consisting of loosely-packed and

= —1) and|x = 1| in the outer shell layer
To express such spatial variation explicitly, we consider a
relation between| ¢| and|x in this case:|

core

k() =e"+b (24)

Where@ and| b are model parameters to be optimized in the|
PINN model and the true values oﬂz—zl andm are 6.90 and 0.0.
Notice that the relation is not unique in terms of its form
as long as the permeability value matches the true value for

¢ leand 1|

| 5.3 Inference Resultsl

| We present the inference results in Fig. 9. Fig. 9(a) shows
the history of the different losses, namely PDE loss,
boundary condition loss (Loss BC), initial condition loss
(Loss IC), and data loss (Loss Data) in (a). We trained the
model with 300,000 epochs with PDE loss as the largest
component. The other errors are lower than|0(10_3i Plot
(b) shows the inference result for{x!as a function of| ¢ the
inferredlﬁ] andlZal are at 7.1 and 0.0003, indicating that the
permeability at core area (x(¢ = —1) = 0.0011) and shell
area (k(¢ = 0) = 1.0003) match the reference values well.
As a qualitative comparison, we present the predicted fields|
of and|v,,.q| and their difference with the reference
data at|r = 0.78| in Fig. 9(c). The phase field prediction
exhibits a good agreement compared with the ground truth
data. More importantly, the hidden velocity field can alsol
be accurately inferred only based on the phase field data.
Notice that the errors for the phase field are mainly
distributed in and around the outlet layer of the thrombus
and the errors in velocity field are mainly confined within|

the shell laxer.l

partially-activated platelets). This model has been adapted

as an idealized thrombus in previous works [56,57,58]. The

| 6 Summaryl

goal is to infer the unknown permeability (for the shell and

PINNs offer a new approach to simulating realistic fluid

core) and velocity field based on the measurable phase field|
data. Fig. 8(b) presents all the types of training data,

flows, where some data are available from multimodality|
measurements whereas the boundary conditions or initial

namely the initial snapshot|#y (), inner spatio-temporal

conditions may be unknown. While this is perhaps the|

domain from tol#, (+), and at the boundaries Also,

prevailing scenario in practice, existing CFD solvers cannot

point measurements |(x)| including their coordinates and
phase field value are sampled in the spatio-temporal

 handle such ill-posed problems and hence one can think of
PINNs for fluid problems as a complementary approach to

domain to calculate the data loss term in the tota_l loss. We

the plethora of existing numerical methods for CFD for

draw 1,000 points from an initial snapshot, 10,000 inner

idealized problems.|

points to compute the PDE residuals, and 1,000 boundary

|There are several opportunities for further research,|

points to compute the residuals at boundaries. Note that

e.g., using PINNs for active flow control to replace

point measurements and inner points are drawn from the

expensive experiments and time-consuming large-scale

inner spatio-temporal domain; the former contains the PDE
solutions whereas the latter does not.

simulations as in [59], or predict fast the flow at a new high|
Reynolds number using transfer learning techniques

[The thrombus is present in the middle of the channel

assuming we have available solutions at lower Reynolds|

[as shown in Fig. 8(a) with permeability|x = 0.001| in the

numbers. Moreover, a new area for exploration could be the
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development of closure models for unresolved flow
dynamics at very high Reynolds number using the
automatic data assimilation method provided by PINNS.
Computing flow problems at scale requires efficient
multi-GPU implementations in the spirit of data parallel
[28] or a hybrid data parallel and model parallel paradigms
as in [27]. The parallel speed up obtained for flow!
simulations so far is very good, suggesting that PINNs can
be used in the near future for industrial complexity
problems at scale that CEFD methods cannot tackle. |
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